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Abstract

Data-driven approaches have been recognized as a new paradigm for establishing and explor-
ing process-morphology-property relationships. However, typical exploration methods deliver high-
dimensional morphologies that pose the challenge of extracting the key features and patterns that
could guide the processing and materials design. The high dimensionality also hampers the organiza-
tion of the data and the associated data analytics. As a solution, the currently available approaches
either take a simplified view of the morphology, e.g., focusing on pixels in the morphology images,
or apply transformations that average out structural descriptors of morphologies. To address these
shortcomings, we propose a new computationally efficient and configurable distance operator that
takes an intermediate approach. Our main idea is to represent the morphology as a graph where
graph connectivity reflects the relative arrangement of components (e.g., grains, droplets) in the
morphology, and the label of the graph vertices captures the domain-specific information of each
characteristic domain. Next, given the graph abstraction, the distance between morphologies is com-
puted using vectorized graph-based representation. Because both morphology graph structure and
associated signature functions have clear interpretations, our distance measure can be easily tailored
to specific applications. Our results demonstrate the superior performance of the proposed approach
on data from simulation and synthetic data, including in real-world applications like morphologies
clustering.

Keywords: morphology informatics, distance operator, graph, configurable signature functions,
clustering.

1 Introduction

Methods of Machine Learning (ML) and Artificial Intelligence (AI) are becoming the fourth pillar of
scientific discovery [I4] complementing experimental, theoretical, and computational methods. The
trend towards usage of ML and Al transforms the field of materials science and engineering with several
prominent examples [13} [I8]. Although machine learning tools are generic and can be used on most
engineering problems, the efficacy and robustness of the associated models heavily rely on the expert
knowledge captured in the model, data featurization, or associated semi-supervised or unsupervised
transformations. The examples include reinforcing constraints in the convolutional neural networks-
based models [20] to lower the demand on training data and featurization of the morphology to capture
the aspects of the underlying physical processes [I7]. Another example is the expert-defined descriptors
that allow lowering the dimensionality of data for comparison of samples or materials [23]. However,
distance or similarity measures are the most common customization. The distance measure is a central
element of three classes of machine learning methods: clustering, neighborhood search, and indexing.
Hence, by defining the distance measure reflecting the specifics of the task, many machine-learning
methods can be leveraged at a minimal cost. This is also the scope of this work but in relation to the
morphology datasets and related machine-learning tasks.

The materials morphologies play an important role in transport properties through the membranes [5],
current generation in porous electrodes [12] or organic solar cells [23], mechanical properties of composite
materials or fatigue of polycrystalline materials [3], to name a few. Because of the key role of morphology,
establishing the morphology-property relationship of the materials is considered the holy grail of materials
science. But other tasks like setting up and searching the databases, materials selection, and classification



are of key importance as well. Most of these tasks rely explicitly or implicitly on some form of distance
or similarity measure and hence motivate this work. However, the distance measure is closely related to
the morphology representation. The simplest form of morphology representation is a vector- (or matrix-)
based representation of phase distribution that is typically readily available if micrographs are imaged
by the microscope or are the results of numerical simulations. However, in such raw representation,
the dimensionality is typically high (for two dimensions, at least 1002 pixels, for three dimensions:
1003 voxels), and some reduction is beneficial. Moreover, in such a raw format, the data may contain
redundant or irrelevant information. This also demands some additional transformation to capture the
critical information without redundancy. But most importantly for this work, the high dimensional data
may cause the curse of dimensionality [2] hampering the meaningful distance calculation. Alternative
representations are the statistical functions such as two-point correlation, which aims to capture the phase
correlation within the morphology [6]. Such functions are typically translation-invariant and capture the
average characteristics by operating in the frequency space. Compared to pixel-based representation,
the dimensionality of such representation does not change, but with basic dimensionality reduction
techniques, e.g., PCA [I], it can be successfully reduced. Nevertheless, the interpretability is reduced.
Another method to represent the morphology is through a vector of expert-defined descriptors, such
as volume fraction, average domain size, etc. Typically for a given morphology relatively small vector
of physically meaningful descriptors is formed that captures averaged characteristics over the entire
morphology. Although, in principle, a subset of these descriptors can be computed for each element of
the morphology, such as grain or domain [4]; in practice, this may lead to an increase in the dimensionality
of the mathematical representations, especially for very complex morphologies with a large number of
grains or other elements. Nevertheless, with a vector of a small number of descriptors, the standard
distance measured can be directly used. Finally, with recent advances in neural network models, latent
space representation of autoencoders [19, 25] is being learned from the data in a supervised approach.
However, these models require a large volume of data to find the latent representation of morphology
that is, similar to statistical functions, not inherently interpretable.

In the current work, we propose a morphology representation based on graph abstraction together
with the configurable distance operator. Our representation balances the global and local morphological
features. The connectivity of the entire morphology is captured by representing the connectivity of all
components in the form of a graph, while local characteristics of individual components are captured
through configurable signature functions. By defining one configurable signature function per basic
component, we balance the dimensionality and interpretability. Using the representation, we define the
associated distance operator that we call COMODO (COnfigurable MOrphology Distance Operator). To
showcase the operator, we integrate it with the standard clustering algorithm from the machine learning
domain. Through a series of clustering experiments, we demonstrate its configurability, resiliency to the
size of the data, and ability to handle mixed types of morphology datasets.

2 Methodology

This section defines the proposed distance operator and the associated morphology representations. The
section begins with the definition of three morphology representations: pixel-based, graph-based, and
vectorized graph-based representation. The methods of conversion between the representations are also
described. We close this section by formalizing the distance measure and how it is used to compute the
distance matrix that is passed to the clustering algorithm.

In the pixel-based representation, the material morphology is binned into a uniform grid of pixels M
that is enumerated by a 2-D vector. Each pixel captures information about the local state, e.g., phase.
In this work, we consider a two-phase morphology, with the local state defined as:

M — —1, if (x;;,vi;) € phase one O
1, if (#ij,vi,) € phase two

where M, ; corresponds to the local state at the location 4, j in the input array M. The local state can
take one of two values, {—1, 1} to denote phase one or two, respectively. The size of this representation
is |M| = ny x ny, where n, and n, are the numbers of pixels in the x and y dimensions, respectively.
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Figure 1: Three morphology representations used in this work: a) the pixel-based representation (black
and white image), b) the graph-based representation, ¢) the vectorized graph-based representation, and
d) the padded vectorized graph-based representation for two pairs of morphologies. In the first step,
the pixel-based morphology is converted to a graph, where each vertex corresponds to the connected
components in morphology - marked Cy to Cn,. in panel a), where Noc refers to the number of
connected components. The graph is then vectorized, where each vector element stores the signature
function value for the corresponding connected component. The order of elements in the vector reflects
the structure of the graph (more details in the text). In panel d), two pairs of vectors are padded
(the blue boxes indicate padding for extra white components while the green box indicates extra black
components) to align the occurrence of the same phase elements in the vector and their length. Note
that the vertices identified as the root vertices are indexed as C;7 and marked with the arrow in the panel

b).




2.1 Graph-based morphology representation

In the graph-based representation, the morphology M is represented as a labeled undirected graph
M@ [15]. A graph ME = (V,E) is defined as a set of vertices V and a set of edges E. Here, each
vertex of the graph V' corresponds to a connected component of a morphology. Formally, a connected
component (C;) is defined as a set of pixels that are of the same phase in the surrounding neighborhood.
When all the pixels in the neighborhood are of the same phase, these pixels are considered members of the
same connected component. The neighborhood of the pixel is defined as a set of pixels one pixel awayE|
The pixel neighborhood search algorithm [IT], 24] is used to identify individual connected components
(C;) in the morphology M. Each vertex corresponds to the connected component in the morphology C;,
and it is labeled with the phase p(C;) and the value of the signature function g(C;). To capture both
information, the aggregated label is used: I(C;) = p(C;) - g(C;). To facilitate the padding of the vectors,
the labels used are 1 and —1 for two considered phases.

The edge in the set E consists of a pair of vertices it connects. Formally, for a given morphology M
and a set of vertices in V', two vertices V' € V and V" € V are connected by an edge if and only if they
are adjacent. Here, adjacent means that there exists at least one pair of pixels: (i’,5’) and (i”,j") that
are adjacent in the neighborhood of pixel-based representation. The pixel (i’,j’) originates from a set
of pixels belonging to a connected component of V', and the pixel (i”, j”) originates from a set of pixels
belonging to a connected component of V.

The first two panels of Figure [I] illustrate three example morphologies in the pixel-based represen-
tation and the corresponding graph-based representation. Three morphologies in panel a) consist of a
varying number of connected components: The first morphology consists of five connected components
(C1-Cs). The second morphology has seven connected components (C1-C7), and the third morphology
has eight connected components (C1-Cs). The difference in the number of connected components is par-
alleled by differences in their morphological features (e.g., size, shape) and arrangements (e.g., embedded
or separating each other). The first morphology consists of one large white connected component that is
adjacent to all four black connected components. As a consequence, in the graph-based representation -
the first row of panel b) - the white vertex (C4) is connected to all black vertices (Cy to C5). Compared
to the first morphology, the second morphology contains one additional black-connected component,
dividing the large white-connected component of the first morphology into two parts. As a consequence,
for the second morphology, one additional black and one additional white connected component is iden-
tified. Also, the different graph structure is established. The first graph has a white vertex and four
black vertices, representing white-connected components and four black-connected components in the
pixel-based morphology. In the second graph, instead of one white connected component, the graph
consists of two additional connected components, compared to the first graph the second graph consists
of two white vertices (Cy and Cs) that are connected to the black connected component (Cs). The
addition of an extra connected component changes the structure of the graph, mimicking the change in
the topology of the pixel-based morphology. For the third morphology, an additional white connected
component (Cg) is embedded in a black connected component (C5). Comparing it to the second mor-
phology, one extra connected component is detected in the morphology, which also changes the structure
of the graph. Here, the additional vertex in the graph is appended directly to vertex (Cs) because pixels
belonging to this connected component are adjacent only to this connected component. Note, the ori-
entation of the connected component does not affect the structure of the graph. For example, the black
connected component (Cs) in the second morphology and the black connected component (C3) in the
third morphology divide the white component vertically and horizontally in respective morphologies, but
the graph structure remains the same. Nevertheless, the anisotropy of the components can be captured
by the signature function.

2.2 Vectorized graph morphology representation

Once the graphs are defined, the next step is to calculate the distance between them. The methods
for exact graph comparison are computationally demanding as they require some additional function to
establish an isomorphism between the vertices of the graphs under consideration. This problem, often
referred to as graph alignment, is well studied, especially in the context of computational biology [9].
To overcome these challenges in the current work, we vectorize the graphs to compute the distance
between vectors using standard distances like Euclidean or Cosine distance. Our vectorization aims to

1In two-dimensional problems, the neighborhood consists of first-order neighbors: north, south, east, and west and
second-order neighbors: northeast, northwest, southeast, and southwest neighbors.



capture the hierarchy of the morphology structure, while the signature functions aim to capture the local
characteristics of structural components.

The transformation from graph to vector begins with calculating the signature value of each vertex
of the graph. We define three signature functions for reconfigurability:

e Surface to volume signature function:

1(C;)

where I(C;) is the perimeter of the component C; and A(C;) is the area of the component C;.
This signature may be informative for materials properties dominated by diffusion and reaction.
For example, when diffusion occurs in the bulk and reaction occurs at the surface, this signature
function captures the propensity toward effective properties of each component in the morphology.

e Aspect ratio of each component C; with the lengths of the component in the horizontal and vertical
direction L, = L.(C;) and L, = L,(C;), are defined through two functions given below. This
signature function may be informative for the mechanical properties of anisotropic materials.

1) Normalized aspect ratio:

{g(C’i) = 7= (0.5 + (0.5 - tanh(£= — 1)), if (L,/L, < 1) )

g(C) =0.5+(0.5- tanh(’i—z -1)), otherwise

The signature function is defined such that for isotropic components, the function takes a value of

0.5, and for components elongated in horizontal and vertical directions, the function asymptotically

reaches zero and one, respectively.

2) Min-max aspect ratio:

man(Ly, L

g(ci) — M
max (L, Ly)

which expresses the ratio of a longer length to a shorter length for a given component C;.

(4)

Without loss of generality, other signature functions can be used, e.g., the fractal dimension, the Betti
number, the curvature radii, etc.

Formally, the third representation MV is an array of the aggregated labels for all the connected
components C; (vertices in the graph) in the morphology:

MY = [g(Cl)p(C1),g(Cg)p(02), """" ’g<CNcc)p(CNcc)] (5)

The order of the aggregated label reflects the graph structure and is established through a two-step
process. In the first step, the vertex with the highest connectivity is identified. The connectivity of a
vertex is determined by its degree (i.e., the number of nearest neighbors in the graph). The corresponding
aggregated label is appended to the vector. In the second step, all its neighbors are ordered based on their
values of the signature function, and the aggregated labels are appended to the vector M". In this work,
we assume the descending order. The two-step process continues in an iterative fashion. Initially, the
entire graph is searched for the vertex with the highest connectivity (and a priori selected phase)ﬂ Such
vertex is selected as the root vertex, and its aggregated label initializes the vectorﬁ At each subsequent
iteration, only the nearest neighbors from the previous iteration are considered and appended to the
vector. The described protocol follows the Breadth-First Search (BFS) algorithm [8] that is used to
exhaust the search and establish the translation from the graph into the vector. The process concludes
when all the vertices in the graph have been traversed.

To illustrate the vectorization process, panel c) of Figure [I| shows the vectors containing signature
function values for three example morphologies. In this step, the graphs are transformed into their
corresponding vector representations. For the first vector, the initial element of the vector corresponds
to the highest connected vertex (root vertex) of the graph, which is C; (marked with the arrow in the
middle panel). The successive elements are then added to the vector based on the value of the signature
function of each vertex of the graph arranged in descending order. In the example shown here for the
first morphology, the order of the vertices based on their signature function values is assumed to be

2In this work, we choose the white phase with the highest connectivity as a root vertex.
3The root vertex of a graph is the vertex all other vertices are derived from or connected to.
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Figure 2: Example process of converting graph representation M% to a vector representation MV for
complex morphologies. Note that indices N1, Ny up to Ny denotes the number of connected components
considered at consecutive iterations of BFS algorithm. The total number of connected components:
Necc =1+ Ny + Ny + ...+ Ny.
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Figure 3: Three example morphologies and their corresponding graphs a) and corresponding vectors with
aggregated labels for two signature functions: b) surface to volume) and c) aspect ratio. Each row in
panels b) and c) corresponds to a vector M"Y of an individual morphology M. Positive values correspond
to white-connected components, and negative values correspond to black-connected components.

g(C3) > g(C3) > g(Cy) > g(Cs), thus placing them in the order of their signature function following
the first element. When multiple vertices have the same connectivity, like in the second morphology, we
break the tie by choosing the node with a priori agreed color of component (here, the white node) or the
node with the highest signature value.

2.3 COMODO distance measure

Once the graphs are vectorized, the standard distance measure between vectors can be used. Formally,
consider a set M = {Mjy,...,My, } of N, morphologies, converted to graphs, vectorized and stored
as a set MYV = {M},..., M} } using methodology introduced above. For all pairs of morphologies in
the set, the standard distance between vectors is computed. In this work, we include the results for the
Euclidean distance between two vectorized and padded graph-based representationsEl

Depending on the task at hand, all-to-all distances may be calculated, or morphologies may be
compared in the group. For the former, the distances are computed for all pairs of morphologies in the
input set and form the distance matrix D. A distance matrix D is a square matrix of size N,, X N,,
representing the pairwise distances between morphologies in a given set.

When the analysis is performed on the dataset, the vectors of individual morphologies may be of dif-
ferent lengths as corresponding morphologies may consist of a varying number of connected components.
To calculate the distance between any vectors using standard methods, the vectors must be padded to the
same length. The pairs of vectors are padded to align the first occurrence of the element corresponding
to a given phase (here, black or white connected component/vertex) and then add the neutral elements
(here, zero) in the empty elements.

4Cosine distance are also tested, and results are consistent with those for Euclidean distance.
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Figure 4: The clustering workflow using COMODO: The raw data is transformed into a graph, which
is later converted into a vector. The distance matrix is then computed by calculating the Euclidean
distance between vectors. For visualization purpose, MDS is used to project the morphological data into
low-dimension space, and DBSCAN is used for clustering of the data

Panel d) in Figure 1] shows two examples of vector padding. In the first example shown here, the
first vector has fewer elements that include four black elements and one white connected component.
The second vector has one less element corresponding to the black-connected component. Hence, one
additional neutral element is added to the second vector just after the fourth element, and it is marked
green. Also, to pad for the additional elements in the second vector, three additional neutral elements
are added to the first vector at the end. All these elements are identical and are only marked with
colors to visually highlight the target padded element. The neutral elements padding for the black phase
are color-coded green, while the padding of the neutral element for the white phase is color-coded blue.
Similarly, for the second pair of vectors, the first vector is padded with four neutral elements at the end,
while the second vector is padded with one neutral vector at the fifth element. The same coloring is kept
for the visualization.

To close this subsection, Figure 3] provides examples of three morphologies used in this paper with
the values of graphs annotated with the aggregated labels that are vectorized and padded. Panel a) in
Figure 3| shows the three morphologies and their graphs; the other two panels show the corresponding
vectors for two signature functions: the surface-to-volume (panel b) and the normalized aspect ratio
(panel c¢). Each row represents the vector of the individual morphology. Note that vectors are padded
with respect to the longest vector. The three morphologies are diverse, which is mirrored in the different
graph structures, both in terms of the number of vertices and the connectivity of vertices in the graphs.
The second morphology has the highest number of connected components and the longest corresponding
vector. The vectors of the first and third morphology are padded to match the length and the connectivity
pattern of the second morphology. Similarly to previous examples, for visualization, the white neutral
elements are marked in blue boxes, and the black neutral elements are marked in green boxes. The
elements with positive values correspond to the white components, while elements with negative values
correspond to the black components. Note that when the signature function changes, the values change.
The range of the aspect ratio function is larger, with higher absolute values capturing elongated domains.
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Figure 5: Representative morphologies used to evaluate COMODO performance: a) square domain
composite data with grain size (20,40), (40,20), (40,40), (80,80); b) square domain composite data with
grain size (10,10), (10,80), (80,10), (80,80); (c) thin film composite data with grain size (20,40), (80,20);
(d) square domain spinodal decomposition data with ¢ = 0.54 and x = 2.2.

2.4 Workflow

Defined above distance operator can be integrated with any machine learning pipeline that explicitly
relies on the distance matrix, like clustering and classification, among many other techniques. In the
current work, we integrate it with the clustering workflow and showcase three morphology datasets
to demonstrate its configurability and resiliency to the size of the dataset and to the diversity of the
datasets. The workflow steps are schematically shown in Figure [d] The input to the workflow is the
set of morphologies in the pixel-based representation. The input data is transformed into graphs as
shown in panel b) of Figure 4] After creating the graphs and selecting the signature function, the graphs
are transformed into corresponding vectors as shown in panel ¢) of Figure For a set of vectorized
morphologies (as detailed in the above subsections), an all-to-all distance matrix is computed. Given
the distance matrix (panel d), clustering is performed. To find how the data is separated into different
clusters (panel e), DBSCAN is used [I0].

DBSCAN (Density-Based Spatial Clustering of Applications with Noise) is a density-based clustering
algorithm that uses a distance matrix to group data points together based on point density. DBSCAN
defines clusters as areas of high density separated by areas of low density. It identifies outliers as noise
points that do not belong to any cluster. In general, the method uses two hyper-parameters: minimum
number of points and cutoff distance. The points are separated as core points (points in the cluster that
have the minimum number of points in the specified cutoff distance) and border points (points that have
at least one core point at the cutoff distance). The noise points are identified as points that are neither a
core point nor a border point. The choice of the hyperparameters affects the accuracy of the results, and
parameter tuning is required. See Figure S2 in Supplementary Information for the effect of the cutoff
distance (hyper-parameter) selection on the accuracy of the clustering.

Finally, for visualization, multi-dimensional scaling (MDS) is used to project the data from high
dimensional space into a low dimension subspace. MDS is a dimensionality reduction technique [16].
MDS translates the distance matrix between data points into the coordinates in the low dimensional
subspace such that the proximity of individual points in the original space (provided in the distance
matrix) and the corresponding distances are preserved in the low dimensional subspace. MDS is one of
many visualization techniques, and in this work, we leverage it to visually display the clustering results.



3 Results and discussion

3.1 Data generation

To evaluate the distance measure proposed in this work, two types of data are used: the morphology
typical for the spinodal decomposition and the composite type of morphology. Example morphologies
are depicted in Figure [5| Panels a) to ¢) illustrate representative morphologies of composite data with a
different aspect ratio of grains. While panel d) displays the representative morphology of spinodal data.
The composite type of morphologies is generated using an open-source generator [7]. The generator
uses Gaussian random fields to create morphology and then the filter-based approach to create statis-
tical replicas. The capability to generate statistical replicas sharing some morphological features is an
important feature of the generator. In this work, we use this generator to create replicas of morphologies
by specifying the average grain size in two major directions, L, and L,, while fixing the volume fraction.
The spinodal decomposition data is generated using the Cahn-Hilliard equation solver [22] to model
mixing in the binary system of immiscible components. Similar to the composite data generator, the
solver can be setup to generate statistical replicas (by varying initial noise field). This solver is used to
generate mixed type of morphology with elongated and isolated domains by setting ¢ = 0.54 and keeping
the interaction parameter y fixed. More details on the model can be found in our prior work [22].
Using two generators, this work uses different datasets organized into the following cases:

e Composite moderate aspect ratio dataset with varying grain size aspect ratio: This dataset consists
of morphologies with the following grain size settings (L., Ly): (20,40), (40,20), (40,40), (80,80).
Example morphologies are depicted in panel a) of Figure Note two pairs of settings with the
same aspect ratios are chosen. The first two settings have the same aspect ratio with switched
grain lengths for the major directions, while the last two settings have re-scaled grain size lengths
while keeping the same aspect ratio. This is the ideal setting to test the signature functions of
COMODO. Small and large datasets are generated (i) small dataset of 400 morphologies with 100
replicas per grain size setting and (ii) large dataset of 4,000 morphologies with 1,000 replicas per
grain size setting.

e Composite extreme aspect ratio dataset also with varying aspect ratio but two extreme configu-
rations: The morphologies generated consisted of grain sizes of (L, L,): (10,10), (10,80), (80,10),
(80,80). Example morphologies are depicted in panel b) of Figure

e Mixed morphology dataset with diverse morphology types: This dataset consists of morphologies
with various sizes of the domain in composite morphologies, the type of morphology (composite
and spinodal decomposition), and the size of morphology (square and thin films). The following
configurations are used in the dataset: (i) Composite square morphologies with grain sizes (10,80)
and (80,80). (ii) Thin film morphologies with grain sizes (20,40), (80,20). (iii) Spinodal decompo-
sition square morphologies (¢ = 0.54, x = 2.2). This dataset consists of 500 morphologies with 100
replicas per configuration.

Two morphology sizes are generated here: square morphology and thin films. The size for the square
morphologies is 400 x 400 pixels (n,n,), while for the thin film: 200 x 800 pixels. Note that the size is
selected to keep the consistent size of 160 thousand pixels per morphology. The first two cases use square
morphologies, while the third case uses a mix of square and thin film morphologies. For consistency, the
grain sizes are provided in the units of pixels.

In the following section, the distance operator performance is evaluated for different datasets gen-
erated. In the first set of experiments, the configurability of COMODO is showcased using the two
signature functions. The next study demonstrates COMODO capability to handle large sizes of data.
Finally, the third experiment demonstrates how COMODO can distinguish between different types of
morphologies in a dataset.

In all experiments, the DBSCAN algorithm is used to cluster the data. The cutoff distance for
DBSCAN is chosen based on the Rand Index. The Rand Index is a measure that quantifies the similarity
between two data labels, here between the true labels and labels from the clustering [2I]. Rand Index
provides a single numerical value as an evaluation metric (more details are provided in the Supplementary
Information). In this work, the statistical replicas sharing the same morphological features and generation
settings are considered to share the same true label.
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Figure 6: Clustering results for two signature functions on moderate aspect ratio dataset: a) low
dimensional projection of data using surface to volume signature function where points are color-coded
using the generation settings, b) the same projection of data as in above panel but color-coded with the
indices of clusters (surface to volume signature function used to cluster data), c¢) low dimensional
projection using for the signature function of aspect ratio where points are color coded with the
generation setting, d) the same projection as in panel above but points are color coded with indices of
clusters (aspect ratio signature function used to cluster data).
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3.2 Distance measure is configurable

For the first experiment, we use two datasets: the composite moderate aspect ratio and the composite
extreme aspect dataset, as defined in the data generation subsection. As a reminder, the grain sizes
have an aspect ratio of (L, Ly ) [(20,40), (40,20), (40,40), (80,80)], with 100 replicas for each grain size.
Similarly, the extreme aspect ratio dataset also consists of 400 morphologies with grain sizes of (L, L)
[(10,10), (10,80), (80,10), (80,80)] with also 100 replicas for each grain size setting. For both datasets,
the morphologies are of the same size 400 x 400 (square morphologies) in pixel-based representation.

The top row on Figure [6] shows the true labels of the composite moderate aspect ratio dataset, and
the bottom row depicts the clustering results for two signature functions. All results are depicted in the
low dimensional subspace established using MDS, with each point representing one morphology. The left
column depicts the results for the signature function of surface to volume, and the right column includes
the results from the normalized aspect ratio signature function.

We begin the analysis with the results for the surface-to-volume signature function. The capabilities
of COMODO are assessed in two ways: qualitatively by inspecting the distribution of points in the low
dimensional subspace obtained through MDS and quantitatively by analyzing clustering results from
DBSCAN, including Rand Index values. Starting with a qualitative assessment and panel a) of Figure@
The set of 200 morphologies with the average grain size (20,40) and (40,20) are marked with the colors
green and red to denote the different settings of morphology generation. They are grouped together
when projected to the low-dimensional subspace, because these morphologies share a similar surface-
to-volume ratio — the characteristics captured through the signature function. As intended, with this
signature function COMODO operator ignores the anisotropy of the grains while focusing on the surface-
to-volume ratio of constituting grains. Consequently, the distances between morphologies with these two
settings are short. MDS preserves these distances and projects the points to similar regions in the low
dimensional subspace - as depicted in panels a) and b). Two remaining groups of morphologies, marked
light and dark blue in panel a), are located in different subspace regions. These morphologies consist of
isotropic grains of sizes (40,40) and (80,80), respectively. Although this pair shares the aspect ratio of
the grain sizes, the surface-to-volume differs between them. Additionally, morphologies differ in terms
of the number of connected components per morphology and, hence, their graph structure differs. When
grains are larger, fewer vertices in the graphs are identified. Consequently, the vectors are shorter, which
leads to longer distances between morphologies (40,40) and (80,80). COMODO captures these unique
characteristics of morphologies and when combined with MDS, morphologies with grain size (40,40) and
(80, 80) are projected to different locations in the low dimensional subspace.

However, MDS projections provide only qualitative insight into the data. Hence, we also include the
clustering results for quantitative insight - see panel b) of Figure @ The morphologies are color-coded
based on the cluster index from the clustering - DBSCAN method. DBSCAN identifies the morphologies
with grain sizes (40, 20) and (20,40) as highly similar, as expected, and the other two types as belonging
to separate clusters. These results mimic the true labels with the maximum value of the Rand Index of
0.92 (see panel a) in Figure S2 of Supplementary Information). When calculating the Rand Index, for
this signature function, morphologies with grain size (20,40) and (40,20) share the same true label. Only
a few morphologies are determined as noise points - points marked with a light teal color in the figure.

We now proceed to discuss the results for the second signature function: normalized aspect ratio.
Panels ¢) and d) of Figure |§| include the relevant plots for the same dataset: moderate aspect ratio. Panel
¢) depicts the distribution of the morphologies in low dimensional subspace using the same legend as
panel a). With this signature function, MDS projects the data into four groups of points, mimicking the
data generation scheme. Similarly, DBSCAN also clusters the data into four clusters as shown in panel
d) of Figure @ As expected, morphologies are organized as clusters 1 and 2 (orange and red in panel
d)) as they have similar graph structures but different values of the signature function; hence, they are
recognized as distinct. This behavior is different from the results of surface-to-volume signature function
(panels a) and b) of Figure @, as normalized aspect ratio signature function recognizes morphologies
with different aspect ratio: (20,40) and (40,20) as different. At the same time, morphologies with
similar grain aspect ratios, (40,40) and (80, 80), are also recognized as distinct, as although they share
the same aspect ratio, the graph structure differs in terms of the number of components. The above
results demonstrate the importance of signature function selection but also the robustness of the distance
measure to capture the key characteristics of datasets.

The third dataset studies the morphologies with the extreme aspect ratio. Figure [7] summarizes the
results for the composite dataset with the extreme ratio of grains. Similar to previous plots, the results
in the low dimensional projection in panel a) show similar trends to the clustering results of the moderate
aspect ratio dataset. For the surface-to-volume signature function, morphologies with grain sizes (10,80)
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Figure 7: Clustering results for two signature functions on extreme aspect ratio: a) low dimensional
projection of data using surface to volume signature function where points are color-coded using the
generation settings, b) the same projection of data as in above panel but color-coded with the indices
of clusters (surface to volume signature function used to cluster data), c¢) low dimensional projection
using for the signature function of normalized aspect ratio where points are color coded with the
generation setting, d) the same projection as in panel above but points are color coded with indices of
clusters (aspect ratio signature function used to cluster data).

and (80,10) are grouped close and separated from the other morphologies with two other settings of grain
sizes. The clustering results in panel b) of Figureexhibit a pattern resembling the one described earlier,
wherein clusters with morphologies sharing similar grain size and aspect ratio tend to group, effectively
distinguishing and separating morphologies with differing grain sizes. Panel c¢) of Figure El shows the
separation of data in four different regions when the normalized aspect ratio signature function is used;
in this case, the data again is located in four distinct areas of the low dimensional embedding. The
clustering results in panel d) of Figure El for the normalized aspect ratio signature function cluster the
data in four clusters.

To summarize, based on the results for three distinct datasets, COMODO shows the ability to capture
different morphological features through a configurable signature function. The accurate and reliable sep-
aration and clustering of morphologies showcase that morphologies with different morphological features
are treated as distinct entities. The presented results also demonstrate that the COMODO operator
incorporates information about both the values of the signature function and the graph structure. In
particular, both MDS projections and DBSCAN clustering affirm that (i) the signature function cap-
tures the geometric similarity but ignores the directionality of anisotropic grains, and (ii) COMODO
captures differences in the graph structure. Comparison with other methods of representing morpholo-
gies: descriptor-based morphology representation and statistical function representation are included in
the Supplementary Information. The additional analysis demonstrates higher Rand Index values over
a wider range of cutoff distances for COMODO compared to two other approaches. The plots and
associated discussion are included in the SI section.
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Figure 8: Clustering results for the dataset of varying size and normalized aspect ratio signature
function: a) low dimensional projection of dataset with 400 morphologies where points are color-
coded using the generation settings, b) the same projection of data as in above panel but color-coded
with the indices of clusters, c¢) low dimensional projection of dataset with 4,000 morphologies where
points are color coded with the generation setting, d) the same projection as in panel above but points
are color coded with indices of clusters (4,000 morphologies).

3.3 Distance measure is resilient to the size of datasets

To check COMODO sensitivity towards large datasets, the number of morphologies in the datasets is
varied. Two datasets with composite morphologies of moderate aspect ratio are used. The first dataset
has 400 morphologies with 100 replicas per grain size settings, whereas the second dataset consists of
4,000 morphologies with 1,000 replicas per grain size. All morphologies correspond to the first dataset
with a moderate aspect ratio - as listed in the Data Generation subsection. A normalized aspect ratio
signature function is used. Panel a) and c¢) of Figure |8| depict the results in low dimensional projections
of datasets with 400 morphologies and 4,000 morphologies, respectively. The data is colored using
a data generation scheme, as listed in the legend of the figure. Panel b) and d) depict the clustering
results for two datasets with 400 and 4,000 morphologies, respectively. The clustering results consistently
separate the morphologies of different aspect ratios irrespective of the number of replicas per grain size
configuration. In both cases, only few points are marked as noise points, while remaining points correctly
clustered into four groups of points. Moreover, the relative position of clusters is preserved between the
two datasets. If we choose the morphologies with grain size (40, 20) (marked red in the top panels) as the
reference set, these morphologies are distributed slightly away from the remaining three groups. - in both
panels a) and ¢) Morphologies with grain size (80,80) are located the furthest away from the reference
set, regardless of the size of the dataset. Morphologies for two remaining configurations: (20,40) and
(40,40) are located in the center yet closer to (80,80) morphologies, again this positioning is maintained
regardless of the dataset size. The larger dataset was the largest analyzed on the desktop machine. The
major bottleneck for larger analysis was not the representation or distance calculation but the clustering
step.

3.4 Distance measure is resilient to diverse morphologies

In this experiment, COMODO performance on different types of morphologies is evaluated. This is
done by preparing a diverse set of morphology data, as explained in the data generation subsection.
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Here, five different types of morphologies are used. As a reminder, the grain size configuration, size of
the morphology (square and thin film), and types of morphology (spinodal and composite) are varied.
Each morphology type has 100 replicas generated, resulting in a total of 500 morphologies included
in the analysis. Panel a) of Figure |§| depicts the low dimensional projection of the data with surface-
to-volume signature function used to compute distance matrix. Points are color-coded using the true
labels set listed in the legend of the figure. Similar to previous results, the true labels correspond to the
settings of the morphology generation. Panel b) of Figure |§| shows the low dimensional projection of data
with clustering indices also for the surface-to-volume signature function. Similarly, panel ¢) of Figure |§|
represents the low dimensional projection of the data with the min-max aspect ratio signature function
used to compute the distance matrix. Points are color-coded using true labels, as shown in the legend.
Panel b) of Figure |§| depicts the low dimensional projection with clustering labels for the min-max aspect
ratio signature function.

This dataset is the most complex dataset out of all the datasets presented in this paper. Although
being more complex than morphologies in the previous experiments, the clustering results show good
separation when min-max aspect ratio signature function is used. Five clusters are visually spread apart
with only several morphologies marked as noise points (see Figure |§| panel ¢) and d)). The results
from DBSCAN clustering mimic the true labels with the maximum value for the min-max aspect ratio
signature function of the Rand Index of 0.90 (see panel b) in Figure S2. As a comparison, when the
surface-to-volume signature function is chosen, the maximum Rand Index is 0.75 with a very narrow
range of cutoff distance. For this signature function, the challenge to cluster the data is visualized in
panel b) of Figure @ Two types of morphologies belonging to composite data ((80,20), (80,80)) are
clustered together (lilac points belonging to cluster 5). Moreover, composite morphologies with grain
size (10, 80) (red points in the panel a), are mostly identified as noise points. When the same dataset is
analyzed with min-max aspect signature our distance measure captures sufficient information to cluster
the data in line with true labels.

4 Conclusion

In conclusion, COMODO as a distance operator demonstrates significant potential for morphology com-
parison applications due to its configurability, scalability, and adaptability to handle large and diverse
datasets. Its ability to be configured through a signature function allows for customization based on
specific requirements. The customization of COMODO helps to tailor the task at hand to the charac-
teristics of the morphology and target application. The two-step process of representing morphology as
a graph to capture the relative arrangement of components and then capturing the local information
of each component through the signature function reduces the dimensionality of the morphology, ad-
dressing the challenge of comparing the high dimensional data points. COMODO is scalable to handle
large and diverse datasets. Overall, this work showcased COMODO as a versatile tool for analyzing
and understanding the relationships and similarities within complex morphology datasets, supporting a
range of applications in the field of material science.

In future work, we plan to use this measure to organize morphologies in databases, where the config-
urablility of the distance operator can aid in efficient indexing and retrieval of data based on similarity.
Moreover, we expect the distance operator to be used in inverse design processes, where the COMODO
establishes the similarity between the target morphology and the morphologies already screened.

Data availability

The datasets generated, and the code is available in the repository https://github.com/owodolab/COMODO.
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